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1. INTRODUCTION 
LET R, denote the rotation group in Euclidean q-space, where 9 2 I. We make the usual 
embeddings 
R, c R, c . . . c R, c . , 
so that the q-sphere S4 is the factor space of R,, 1 by R,. We recall that R, is a retract of 
R q+l for9 = 1,3,7. 
Let m, n > 1. If the commutator map 
R, x R,+R, (4 2 m, 11) 
is nul-homotopic we say that R, and R, homotop~~-commute in R,. This is true when 
q 2 m + n, since then R, is conjugate in R, to a sub-group whose elements commute 
with those of R,. We shall describe the pair (m, n) as irregular if R, and R, homotopy- 
commute in R,,,+,_ 1, as regular if they do not. The pair (m, n) is irregular if m + n = 4 or 8, 
since then R,+,_l is a retract of R,,+,,. Are there any other irregular pairs? In this note 
we prove 
THEOREM (1.1). Let m + n # 4, 8. Then (m, n) is regular if m or n is eren or if 
d(m) = d(n), where d(q), for q 2 2, denotes the greatest power of 2 which dkides 9 - 1. 
Thus the answer to our question is negative for m + n < 12. The least pairs where 
the answer is unknown are (3, 9) and (5, 7). 
The circle group R, is commutative, and so homotopy-commutes with itself in itself. 
If m > 2 then either (m, n) or (m - 1, n) is regular, by (1. I). Hence we deduce 
COROLLARY (1.2). If m + tl > 4, then R,, and R,, do not homotopy-commute in 
R II1 + ,I~ 2. 
Thus we conclude that the least value of 9 such that R,,, and R, homotopy-commute 
in R, is 9 = nz + n when (m, n) is regular and 9 = m + II - 1 otherwise. Another con- 
sequence of the theorem is 
COROLLARY (I .3). The pair (m, m) is irregular $ and only {jf; m = 2 01’ 4. 
For other research on these and related questions see [l], [3], [4], [5]. 
t Fellow of the John Simon Guggenheim Foundation. This research was partly supported by the 1J.S. 
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2. THE BOTT CRITERION 
Let SX denote the suspension of a space X. If X = S4 we identify SX with Sq+‘. 
Let Y # 2 denote the “smash” product (or “reduced” join) of spaces Y and Z, which is 
obtained from the Cartesian product Y x Z by collapsing the axes Y V Z to a point. If 
X = Y # Z we write SX = Y * 2 and refer to this as the join of Y with Z. We identify 
S’ # Si with Si+j and hence identify S’ * Sj with Si+j+l. 
Consider the fibration p : R,, 1 -+ Sq, with fibre R,. When X is a CW-complex the 
transgression operator (see $2 of [5]) associates a class of map k : X -+ R, with each class 
of map h : SX + S4, in such a way that k is nul-homotopic if, and only if, h can be lifted to 
R q+l. Take X = R, # R, and q = m + n - 1. Let h be the join of the projections 
R,, + Y-l, R, -+ Y-l, 
and let k be given by the commutator. It is shown by Bott? in $2 of [3] that k corresponds 
to 12. Now k is nul-homotopic if, and only if, R, and R, homotopy-commute in R,. Thus 
we obtain 
THEOREM (2.1). The pair (m, n) is irregular if, and only is, the map 
h : R,, * R, -+ .Y’+“-I 
can be lifted to R,,,+,,. 
In 92 of [9] a subspace P4 c R,, 1 is defined which is homeomorphic to real projective 
q-space and which is mapped with degree one onto Sq by the projection p. Take cohomology 
with mod 2 coefficients. The homomorphism induced by p carries the generator c4 E Hq(Sq) 
into an element uq E H4(R,+1) which in turn is mapped by injection into the generator of 
Hq(Pq). We recall that u4 transgresses into the Stiefel-Whitney class W,,, in the universal 
R ,+,-bundle. The universal transgression operator determines a (1, I)-correspondence, for 
each CW-complex L, between equivalence classes of Rq+l -bundles over SL and homotopy 
classes of maps f : L -+ R, + 1. It follows from (1.2) of [5] that the Stiefel-Whitney class 
W q+l E Hq+l(SL) of a bundle corresponding to f is equal to crf*u,, where f *uq E H’(L) 
denotes the image of uq under the induced homomorphism and IS denotes the suspension 
isomorphism. 
In particular take L = Pm-l * P”-l with q = m + n - 1. Suppose that pf = g 
whereg:Pm-‘*Pn-l 3 Sq is the map of degree one obtained by restriction of the map h 
in (2.1). Then 
f *uq = f *p*c, = g*c4 # 0, 
and so W,,, # 0 on the bundle corresponding to J Certainly g can be lifted to R,, 1 
if h can, and so from (2.1) we obtain 
COROLLARY (2.2). [f (m, n) is an irregular pair then there exists an R,,,-bundle over 
S(Pm-’ * Pn-‘) with W,,+. # 0. 
t It is necessary to adapt Bott’s result slightly since it refers to the full orthogonal group rather than the 
rotation group. 
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3. THE WU RELATIONS 
Products are trivial in the cohomology ring of a suspension SL. Hence in a real vector 
bundle over SL the formula of Wu [7] for the Steenrod squares of the Stiefel-Whitney 
classes reduces to 
(3.1) 
r-1 
Sq’w, = t 
( 1 
wr+t, 
with the usual notation for the binomial coefficient. If L itself is a suspension then (see [6]) 
the Pontrjagin square acts trivially in the cohomology of SL and so 
(3.2) PdPJ = w4k 
by the second formula of Wu [8]. Here WA, denotes the image of W,, under the coefficient 
homomorphism given by the monomorphism Z, + Z,, and p,(p,) denotes the mod 4 
reduction of the yth Pontrjagin classp,. We combine this with a result of Bott’s to prove 
LEMMA (3.3). Let m and n be even, let m + n = 0 mod 4, and let m + n 2 16. Let < 
be a real uector bundle over S(Pm-’ * Pn-‘). Then W,,,,, = 0 on 4. 
Let ‘1 be a bundle over S”‘+” induced from 5 by a map of degree 4. Such a map can be 
obtained by suspending the join of the covering maps 
.$I%-’ --*pm--l, y-1 +pn-1. 
Write m + n = 4r. Bott [2] has shown that the Pontrjagin class p, of a bundle over S4’ 
is divisible by (2r - I)! We have r 2 4, and so the mod 16 reduction of pr is trivial in the 
case of ‘I, and hence the mod 4 reduction of p, is trivial in the case of 5. The base of c is a 
double suspension, and so (3.2) applies. Therefore WA,,, = 0, and since there is no torsion 
in dimension m + n it follows that W,,,.. = 0, as asserted. In view of (2.2) we deduce that 
pairs (m, n) are regular if they satisfy the hypotheses of (3:3). The proof of (1.1) is completed 
in the next section by application of (3.1). 
4. STEENROD SQUARES 
Throughout this section we consider the cohomology mod 2 of K,,,,, where 
K,,” = S(Pm-i *P”-‘) = S2(P”-’ # P”-I). 
A basis for this cohomology consists of the elements 
02(.X’ @ _v’) (0 < i < m, 0 < j < n), 
where x generates H1(Pm-r), y generates H’(P”-I), and o2 denotes the iterated suspension 
isomorphism. Let E denote the sub-space spanned by those basis elements where i and j are 
even. Then Sq’E c E, by the Cartan product formula, and in particular SqlE = 0. We prove 
LEMMA (4.1). Let u E H”(K,,,), where r is eaten and r < m + n. (f Sq’u = 0 then u E E. 
We have u E I’ mod E, where 
c = c Uij&i 0 J+ (Uij E z2) 
with summation confined to odd values of i and ,j. It follows from the Cartan product 
formula that 
Sq’r’ = c Nij&Yi+ 1 @ y’ + xi @ p+ ‘), 
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since i and j are odd. But Sq’u = Sq’u = 0, by hypothesis, since Sq’E = 0. Moreover 
i + j + 2 < m + n and so either i + 1 < m or ,j + 1 < n. Hence all the coefficients 
Uij are zero. Thus t’ = 0 and u E E, as asserted. 
LEMMA (4.2). Let r < m + n and, if m + n is a power of 2, let r < m + n. Then 
W, E E. 
If Y I 3 the lemma is trivial, since K,,,, is 3-connected. Let Y 2 4 and write I’ = s + t, 
wheresisapowerof2andO<t<s.By(3.1)wehaveSqkWk+, = W,,,,fork= 1,2,4, 
. . . ) s/2. Hence W,,, = 0, by induction, since W, = 0. But W,,, = Sq* W,, by (3.1), 
since s is even, and so W’, E E, by (4.1). However Sq’E c E and Sq' W, = W,, by (3.1) again, 
which proves (4.2). 
LEMMA (4.3). Suppose that m = as + 1 and n = bs + 1, where a, b are odd ad s 2 2 
is a power of 2. Then W,,,+,, = 0. 
For consider the operator 
c( = Sq”’ 0 . . . 0 Sq8’ 0 Sq4’ 0 Sq2’, 
where 2t = a + 6. If i + j = a + b then by the Cartan product formula 
c((xi 0 $) = P 0 Ysj, 
which is zero unless i = a and j = b. Since a and b are odd this shows that CIU = 0 if u E E 
and dim u = a + b + 2. However Wm+” = uW~+~+*, by (3.1), since a + b is even; and 
W a+b+L E E, by (4.2). Therefore, W,,,+n = 0, as asserted. 
To obtain (1 .l) we combine (2.2) with the various lemmas we have proved. We use 
(4.2) when m + n is odd, also when m + n is not a power of 2 and both m and n are even. 
We use (4.3) when both m and n are odd. The remaining cases are covered by (3.3), and 
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